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Abstract. We consider novel wormhole solutions supported by a matter content that
minimally violates the null energy condition. More specifically, we consider an equation of
state in which the sum of the energy density and radial pressure is proportional to a constant
with a value smaller than that of the inverse area characterising the system, i.e., the area
of the wormhole mouth. This approach is motivated by a recently proposed cosmological
event, denoted “the little sibling of the big rip”, where the Hubble rate and the scale factor
blow up but the cosmic derivative of the Hubble rate does not [1]. By using the cut-and-
paste approach, we match interior spherically symmetric wormhole solutions to an exterior
Schwarzschild geometry, and analyse the stability of the thin-shell to linearized spherically
symmetric perturbations around static solutions, by choosing suitable properties for the
exotic material residing on the junction interface radius. Furthermore, we also consider
an inhomogeneous generalization of the equation of state considered above and analyse the
respective stability regions. In particular, we obtain a specific wormhole solution with an
asymptotic behaviour corresponding to a global monopole.
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1 Introduction
The discovery of the current accelerated expansion of the Universe has opened novel research
avenues in modern cosmology and has led to the consideration of new scenarios for the future
cosmological evolution. Even without abandoning general relativity our Universe could be
condemned to different kinds of doomsdays (see [2] for a recent review on the topic). From
the disaster of the big rip [3–7] or big freeze [8–10] singularities to the more benign little
rip [11–14] (see also [15] for the first cosmological model with a (past) little rip), or little
sibling of the big rip recently discussed in [1] it is difficult to continue trusting in the peaceful
thermal death predicted by most of the pre-acceleration models and the standard ΛCDM
model . These doomsdays are commonly related to the consideration of phantom energy
as responsible for the accelerated expansion, a dark fluid which violates the null energy
condition (NEC) and seems to be favoured by current observational constraints [16–18]. It
should be pointed out, however, that phantom models could also allow a safe future for our
Universe with the thermal death being again the rescuer of the cosmological history [7]. In
addition, close to those events quantum effects can be important and can indeed avoid those
singularities [19–22].
The possible existence of phantom energy also leads to the investigation on wormhole
physics, since this material content is compatible with these geometries [23, 24]. Far from
being an abomination characterizing phantom models, they could be the solution to the
doomsday problem. That is, due to the accretion of phantom fluid, they could increase
their size faster than the expansion rate of the universe itself, engulfing the whole universe
which would travel through the hole in a so-called “big trip” [25–27]. This big trip would
avoid not only the big rip, but any singularity characterized by a divergence of the Hubble
parameter [28] (as it was shown after satisfactorily clarifying [29] some criticisms [30] to the
treatment leading to this phenomenon). Although as in the black hole case the thermal
radiation emitted by wormholes would not be detectable [31, 32], one could look for other
observational signatures which would be measurable [33–40].
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The study of wormhole solutions has been controversial from the beginning [41, 42].
On one hand, it seems that it would be absurdly easy to “construct” a time-machine once
one were to find a wormhole [43]. Therefore, one should consider these objects with some
caution. On the other hand, it was thought that exotic matter, needed to maintain their
mouths opened, is not easy to find in our environment. Nevertheless, one could argue that the
phantom energy in cosmological models, responsible for the cosmic speed-up, could provide
an inexhaustible source of exotic matter necessary to sustain wormhole geometries. The
realization of this fact has led to the study of wormhole solutions supported by different
kinds of phantom fluids (see, for instance [23, 24, 44–50]).
However, the issue of exotic matter, i.e., matter that violates the NEC, remains a
subtle issue [51], and one would prefer to minimize its usage; indeed, solutions minimizing
the required amount of this matter have been studied [52–56]. In fact, in the context of
modified gravity it was shown that one may impose that the matter threading the wormhole
satisfies the energy conditions, so that it is the effective stress-energy tensor containing higher
order curvature derivatives that is responsible for the NEC violation. Thus, the higher order
curvature terms, interpreted as a gravitational fluid, sustain these non-standard wormhole
geometries, fundamentally different from their counterparts in general relativity [57–65].
In this paper, we consider a new approach most adapted to the current physical concep-
tion. Although a fluid violating the NEC (and, therefore, all the classical energy conditions)
could be driving the dynamics of our Universe, one could think that it is still desirable that
such violations not be arbitrarily large. Therefore, we will be interested in minimizing the
violation of the NEC by bounding the violation of the inequality associated with this con-
dition, instead of minimizing the use of exotic material. This notion of not arbitrarily large
violations of some energy conditions has been recently explicitly formulated in [66, 67]. It
must be noted that when allowing bounded violations of the WEC, one is considering that
some observers can measure negative energies although not arbitrarily large in absolute value
(in [66, 67] the bounce depends on the characteristics of the system under consideration).
Although a covariant formulation of small violations of the NEC similar to that of the WEC
formulated in [67] is not possible, in this paper we will consider a natural formulation by
restricting attention to bounded violations which results once our stress energy tensor is
contracted with the null vector, that is p+ ρ > −2. A fluid of this kind has recently being
considered in a cosmological scenario to study the implications which could appear in our
universe due to small constant departures from a cosmological constant [1], that is ρ+p = −A
where A is a constant which could be arbitrarily small. It has been shown that this small
departure from the cosmological constant case is enough to change the dynamical behaviour
of the universe, leading to what was named as the “little sibling of the big rip event” [1], i.e.,
a future event where the Hubble rate and the scale factor blow up but the cosmic derivative
of the Hubble rate does not. This abrupt event takes place at an infinite cosmic time where
the scalar curvature diverges [1].
This paper is outlined in the following manner: In section 2, we summarize some known
characteristics of wormholes, emphasizing the use of thin shells to recover a given asymptotic
behaviour, rephrasing existing studies [68–70] in a language inspired by references [71, 72]
in 2.2. In section 3, we present the equation of state analysed in reference [1] within a
cosmological setup, and consider the possible existence of wormholes supported by this exotic
matter. We show that these are not asymptotically flat wormholes solutions, and thus the
usage of thin shells is necessary. Next, we study solutions with a constant redshift function
in subsection 3.2 which can be matched to an exterior Schwarzschild geometry, and explore
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the stability of the system. In section 4, we introduce an inhomogeneous generalization of
the equation of state, considered in the previous section. For these solutions, we assume a
particular kind of shape function in subsection 4.1 which usually leads to asymptotically flat
solutions; however, for this case the temporal component of the metric is not well-behaved in
this limit and we must to consider again the existence of a thin shell. On the other hand, for a
constant redshift function we obtain some solutions that are well-behaved in the asymptotic
limit, although they are not asymptotically flat. Finally, in section 5 we summarize and
discuss the results.
2 General considerations
2.1 Metric and field equations
A wormhole is a connection between two universes or a short-cut between two separate regions
of one universe. Thus, it consists of a throat connecting two regions (usually assumed to be
asymptotically flat), that is [41, 42, 73]
ds2 = −e2Φ(l)dt2 + dl2 + r2(l) (dθ2 + sin2 dϕ2) , (2.1)
where l is the proper radial distance with the range −∞ < l <∞. The function Φ(l) must be
finite everywhere to avoid the existence of horizons. The radius of the throat is the minimum
of the function r(l), r0. If we suppose that l(r0) = 0, then l < 0 and l > 0, respectively, cover
the two connected regions. If one additionally requires both regions to be asymptotically flat,
the functions r(l)/|l| and Φ(l) must equal unity and constant when l → ±∞, respectively.
Metric (2.1) can be written using two patches of Schwarzschild coordinates as
ds2 = −e2Φ(r) dt2 + dr
2
1− b(r)/r + r
2 (dθ2 + sin2 θ dφ2), (2.2)
with r0 ≤ r ≤ ∞, Φ(r) and b(r) are the redshift function and shape function, respectively,
and the proper radial distance is defined as
l(r) = ±
∫ r
r0
dr∗√
1− b(r∗)/r∗ . (2.3)
The proper radial distance, l(r), is finite throughout the whole spacetime, thus b(r)/r < 1
for r > r0, and b(r0) = r0 at the throat where the embedded surface is vertical. Moreover,
the embedding surface z(r), given by
dz
dr
= ± 1
(r/b− 1)1/2 , (2.4)
must flare outward. That is, it must have a decreasing derivative in the upper half, which
implies b′(r) < b(r)/r at or near the throat. Thus, b′(r0) < 1, which can also be obtained by
demanding the trapping horizon to be outer [32, 74].
Consider the most general stress-energy tensor compatible with the spacetime (2.2)
given by Tµν = diag [−ρ(r), pr(r), pt(r), pt(r)], where ρ, pr and pt are the energy density,
the radial pressure and tangential pressure, respectively. Thus, the Einstein equations (with
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c = G = 1) imply [41, 42, 73]
ρ =
1
8pi
b′
r2
, (2.5)
pr =
1
8pi
[
2
(
1− b
r
)
Φ′
r
− b
r3
]
, (2.6)
pt =
1
8pi
(
1− b
r
)[
Φ′′ + (Φ′)2 − b
′r − b
2r2(1− b/r)Φ
′ − b
′r − b
2r3(1− b/r) +
Φ′
r
]
, (2.7)
and the conservation equation, ∇µTµν = 0, leads to
p′r =
2
r
(pt − pr)− (ρ+ pr) Φ′, (2.8)
which can also be obtained from equations (2.5)–(2.7). Thus, we have five unknown functions,
ρ(r), pr(r), pt(r), b(r), Φ(r), related through three independent equations, and consequently,
there are two independent functions.
The exoticity of the required material is a result of the flaring-out condition, b′(r) <
b(r)/r, which taking into account equations (2.5) and (2.6), implies pr(r) + ρ(r) < 0 at
or near the throat. Thus, the stress-energy tensor violates the NEC, and consequently all
the classical pointwise energy conditions. In order to reduce the exoticity of the fluid it is
common to require ρ > 0, that is b′(r) > 0. It must be noted that the geometry described by
equation (2.2) for general Φ(r) and b(r) is not supported by a fluid with isotropic pressures
in general. That is, pt is generically different from pr close to the throat (they could be equal
in the asymptotic region if one requires a given behaviour at infinity, or in particular cases)
and is given by pr, p
′
r and ρ through equation (2.8). In fact, the first studies of phantom
wormholes [23, 24] extended the notion of phantom energy to inhomogeneous spherically
symmetric spacetimes and considered that the pressure related to the energy density through
the equation of state parameter w in cosmological scenarios must be the radial pressure in
these geometries; the transverse pressure can then be calculated by means of the Einstein
equations. That is enough to get the inequality pr(r) + ρ(r) < 0 on the radial direction,
which is responsible for the violation of the NEC, at or near the throat.
2.2 Asymptotic behaviour and thin shells
In order to study the characteristics of the wormhole, it is of particular interest to consider
asymptotically flat solutions. This asymptotic behaviour is only possible if Φ(r) and b(r)/r
tend to zero when r →∞ (it must be noted that a constant limit for Φ(r) would also allow us
to obtain asymptotically flat solutions under time reparametrization). One can also consider
a flat space in the asymptotic limit by taking into account thin shells, that is, one can cut the
original spacetime at a given hypersurface and paste it together with an exterior spacetime
leading to a boundary between the two regions with a surface stress-energy tensor that will
not vanish in general [70, 75]. As is well known, the stress-energy tensor can vanish in a
region given by r > a, if the interior part of the geometry given by metric (2.2) is matched
to this vacuum spacetime at r = a > r0. This procedure must be done imposing the Israel
junction conditions [76–81] at the boundary surface r = a, which in general would lead to
a junction surface containing stresses, that is, both geometries are matched together at a
thin shell. It must be noted that we are constructing a regular geometry with an interior
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wormhole spacetime, r0 ≤ r ≤ a, and a Schwarzschild exterior1, rH < a ≤ r <∞, where rH
is the event horizon (which does not exist in the resulting geometry).
Considering that the surface stress-energy tensor may be written in terms of the surface
energy density, σ, and the surface pressure, P, as Sij = diag (−σ, P, P) and applying the
Lanczos equations, the surface stresses of the thin shell, which is around the exterior of the
throat, are given by [68]
σ = − 1
4pia
(√
1− 2M
a
+ a˙2 −
√
1− b(a)
a
+ a˙2
)
, (2.9)
P = 1
8pia
1− Ma + a˙2 + aa¨√
1− 2Ma + a˙2
− (1 + aΦ′)
√
1− b(a)
a
+ a˙2 +
aa¨− a˙2[b(a)−a b′(a)]2[a−b(a)]√
1− b(a)a + a˙2
 , (2.10)
respectively, with a˙ ≡ da/dτ , where τ is the proper time of the shell; thus τ 6= t [70, 72].
There is also a flux term corresponding to the net discontinuity in the momentum flux, which
leads to a work term Ξ in the conservation equation on the shell
σ′ = −2
a
(σ + P) + Ξ, (2.11)
with
Ξ = − 1
4pia2
[
a b′(a)− b(a)
2[a− b(a)] + aΦ
′
]√
1− b(a)
a
+ a˙2 . (2.12)
As we will show below, it is useful to retain the terms a˙ and a¨ in equations (2.9), (2.10)
and (2.12) to study the stability regions under radial perturbations. Nevertheless, we are
interested in static solutions. Substituting a˙ = 0 in equations (2.9), (2.10) and (2.12), it is
immediate to see that a static solution at a = a0 leads to a thin shell characterized by:
σ(a0) = − 1
4pia
(√
1− 2M
a
−
√
1− b(a)
a
)
, (2.13)
P(a0) = 1
8pia
 1− Ma√
1− 2Ma
− (1 + aΦ′)
√
1− b(a)
a
 , (2.14)
and
Ξ(a0) = − 1
4pia2
[
a b′(a)− b(a)
2[a− b(a)] + aΦ
′
]√
1− b(a)
a
. (2.15)
A necessary requirement for the absence of horizons is a > 2M . In addition, one could
require: (i) σ ≥ 0 on the shell, then 2M ≥ b(a); and (ii) a non-negative energy density in the
interior space, then b′(a) ≥ 0, which leads to a non-decreasing b(r) and b(a) ≥ b(r0) = r0.
Therefore, in this case r0 ≤ b(a) ≤ 2M < a.
1Thus, we are pasting the region inside a given hypersurface of one spacetime with the region outside a
particular hypersurface of the other spacetime. The situation is different when one considers two exterior
geometries to be matched to construct a thin-shell wormhole as summarized in [72]. In this case there is a
relative sign flip in equations (2.9) and (2.10) between the first and second addends, as has been pointed out
in [71] for the gravastar case.
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In order to study the stability around a static solution, one can obtain a˙2 from equation
(2.9), and re-write the resulting expression as [70, 72, 82]:
1
2
a˙2 + V (a) = 0, (2.16)
with
V (a) =
1
2
{
1− b(a)
a
−
[
ms(a)
2 a
]2
−
[
∆(a)
ms(a)
]2}
, (2.17)
where
b(a) =
2M + b(a)
2
, ∆(a) =
2M − b(a)
2
, ms(a) = 4piσ(a)a
2 , (2.18)
has been defined for notational simplicity.
Linearizing the potential around a static solution at a0, that is V (a0) = 0 and V
′(a0) =
0, one has
V (a) =
V ′′(a0)
2
(a− a0)2 +O
[
(a− a0)3
]
. (2.19)
A static solution is stable if V ′′(a0) > 0. Now, one can easily study the stability to linearized
spherically symmetric perturbations around static solutions in terms of the physical quantities
by considering the effect of this condition in the surface stress-energy tensor. As we have
three functions, given by (2.9), (2.10) and (2.12), which are related through equation (2.11),
it is enough to consider the behaviour of two of these quantities under perturbations. Thus,
substituting (2.16) and (2.19) in equation (2.9), considering the definition of ms in equation
(2.18), deriving twice with respect to a, and then evaluating at a = a0, one can see that
V ′′(a0) > 0 if
m′′s(a0) ≥
1
4 a30
{
[b(a0)− a0b′(a0)]2
[1− b(a0)/a0]3/2
− 4M
2
(1− 2M/a0)3/2
}
+
1
2
b′′(a0)√
1− b(a0)/a0
, (2.20)
for σ(a0) > 0, and the inequality sign would be reversed for configurations with σ(a0) < 0.
This is the first master equation.
On the other hand, considering now the function 4pi aΞ and following a similar proce-
dure, one obtains the second master equation. This is2:
[4pi aΞ]′′ ≤ 3[u
′(a0)]3
8[u(a0)]5/2
− 3u
′(a0)u′′(a0)
4[u(a0)]3/2
+
u′′′(a0)
2[u(a0)]1/2
+
Φ′(a0)
2
[
[u′(a0)]2
2[u(a0)]3/2
− u
′′(a0)
[u(a0)]1/2
]
−Φ′′(a0) u
′(a0)
[u(a0)]1/2
− Φ′′′(a0)[u(a0)]1/2, (2.21)
for
u′(a0)
2u(a0)
− Φ′(a0) > 0, (2.22)
where we have defined
u(a) = 1− b(a)
a
. (2.23)
2Equation (2.21) differs from the second master equation presented in reference [71], since we are expressing
the temporal component of metric (2.2) in a different form.
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It must be noted that the sign will be reversed in equation (2.22) otherwise. We have chosen
to express the second master equation with the inequality as expressed in (2.21), that is, when
condition (2.22) is satisfied, because the latter condition reduces to the flaring-out condition
for Φ′(a0) = 0. As we will show, one can conclude in which case the configuration is more
stable studying the parameters which increases the stability region bounded by the surfaces
given by (2.20) and (2.21).
3 Constant minimal violations of the NEC
3.1 Equation of state and general considerations
Let us now consider our particular model to restrict the form of the redshift and shape func-
tions. The equation of state minimizing the violation of the NEC that we will consider is
inspired by the equation of state presented in reference [1], where the cosmological implica-
tions of a small constant deviation from a cosmological constant were investigated; that is, a
cosmological model with ρ(t) + p(t) = −A, where the parameter A must be small compared
with the parameters of the model [1]. One can assume that in less symmetric situations such
equation of state would generically take the form
ρ (xµ) + p (xµ) = −A. (3.1)
As is well-known, this fluid description can also be interpreted as following from a field
model. In particular, one can consider the equivalence of a barotropic perfect fluid with
a scalar field model with an action which is a function of the field φ and its kinetic term
X = −1/2 gµν∂µφ∂νφ (k-essence field models) [83, 84]. That is, for a field action of the form
Sφ =
∫
d4x
√−g K(X, φ), (3.2)
assuming that ∂µφ is a time-like vector, the field stress energy tensor takes the form of a
perfect fluid with [83, 84]
ρ = 2XK,X −K, p = K, uµ = ∂µφ√
2X
. (3.3)
Therefore, if K,X is not constant, compatibility between equations (3.1) and (3.3) fixes the
particular field model to be described by
K(X, φ) = −A
2
ln (X)− V (φ), (3.4)
where the potential appears as an integration constant. Choosing a particular function V (φ)
implies fixing the form the functions ρ(xµ) and p(xµ) satisfying equation (3.1). We prefer,
however, these functions to be fixed by considering particular models of interest, therefore, we
leave V (φ) arbitrary for the moment. On the other hand, a constant K,X , which corresponds
to a canonical kinetic term for the scalar field, would instead lead to a phantom model with
a constant kinetic term.
In our case we consider an anisotropic generalization of equation (3.1) suitable for a
wormhole geometry, as it is usually done in the literature [23, 24]. It must be pointed out
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that such an anisotropic generalization would need to go beyond the k-essence field theoretical
model [85]. This is
ρ(r) + pr(r) = − A
8pi
, (3.5)
where the 8pi has been introduced for convenience and the functions only depend on the
radial coordinate due to spherical symmetry. In order for the NEC to be violated only in a
minimal way, we have to demand A to be small compared with the parameters of the model.
For simplicity and by dimensional analysis we consider
A < 1/r20, (3.6)
although it should be pointed out that for values of A small enough other more restrictive
bounds could also be satisfied.
We note that inequality (3.6) can be obtained by considering a barotropic equation
of state given by pr = ωρ, with ω = const < −1 [23]. For this case, the radial pressure
at the throat is given by pr|r0 = −1/(8pir20), so that the energy density at r0 is provided
by ρ|r0 = −1/(8piωr20) < 1/(8pir20). Now, taking into account pr = ωρ and using equation
(3.5), we find that the energy density is given by ρ = −A/[8pi(1 + ω)]. Using the latter
expression and taking into account ρ|r0 = −1/(8piωr20), we find A = |1 + ω|/(|ω|r20), from
which inequality (3.6) automatically follows.
Considering the barotropic equation of state considered above, i.e., pr = ωρ, for the
specific case of ω = const < −1, the energy density ρ = −A/[8pi(1+ω)] is constant throughout
the spacetime. We emphasize that the constant energy density was analysed in [23], but for
different redshift functions than the ones we consider in this work. Nevertheless, it must be
pointed out that in this paper we are not restricting our attention to the case of a constant
equation of state parameter w. Furthermore, we also extend the analysis to the dynamical
stability of the thin shell separating the interior and exterior regions.
Taking into account the equation of state (3.5) and the Einstein equations (2.5) and
(2.6), we obtain a relation between the redshift and shape function, given by(
1− b
r
)
Φ′ =
r
2
(
−A+ b− b
′r
r3
)
. (3.7)
Evaluating this expression at r0 one gets
A =
1− b′(r0)
r20
. (3.8)
Thus, as it could be expected from the general analysis, A > 0 to satisfy the flaring-out
condition (b′(r0) < 1). Moreover, a minimal condition for satisfying the requirement of
minimal violations, expressed in (3.6), is b′(r0) > 0; this condition implies ρ(r0) > 0 through
equation (2.5), which is a desirable property. Thus, once one fixes a particular shape function,
the redshift function can be obtained by integrating equation (3.7). On the other hand,
defining u(r) = 1− b(r)/r one can re-write equation (3.7) as
u′(r)− 2 Φ′(r)u(r)−Ar = 0, (3.9)
which can be easily solved and leads to
b(r) = r
[
1−Ae2Φ(r)
∫ r
r0
dr′ r′e−2Φ(r
′)
]
, (3.10)
– 8 –
where the integration constant was fixed taking into account the condition b(r0) = r0.
On the other hand, it can be noted that it is not possible to have asymptotically flat
solutions if the whole space is described by metric (2.2). This is because ρ + pr is equal to
a constant value even in the asymptotic limit, whereas one would need to have ρ + pr → 0
when r →∞ to have Φ(r)→ 0 and b(r)/r → 0, that is, an asymptotically flat geometry (or
asymptotically de Sitter or anti de Sitter). Thus, in order to construct asymptotically flat
geometries, it is necessary for the equation of state, given by equation (3.5), that the interior
wormhole is surrounded by a thin shell. In the following we will consider some particular
wormhole solutions with the phantom fluid described by the equation of state (3.5).
3.2 Constant redshift function
Let us consider Φ = Φ0, then the two exponentials of equation (3.10) can be simplified, and
one gets
b(r) = −A
2
r3 +
(
Ar20
2
+ 1
)
r, (3.11)
where the integration constant has been fixed noting that b(r0) = r0, leading to a result
independent of Φ0. The line element (2.2) can then be written as
ds2 = −e2Φ0dt2 + 2
A
dr2
r2 − r20
+ r2dΩ2(2), (3.12)
where dΩ2(2) = (dθ
2 + sin2 dϕ2).
Moreover, one can calculate the proper distance (2.3), given by
l(r) = ±
√
2
A
ln
(
r/r0 +
√
r2/r20 − 1
)
, (3.13)
which is well-defined in the whole space. One can embed the wormhole in one extra dimension
close to the throat. The embedded surface z(r) can be calculated integrating equation (2.4)
and yields
z(r) = ±
∫ r
r0
dr
(
r20 +
2
A − r′2
r′2 − r20
)1/2
, (3.14)
which is well-defined only close to the throat, that is, for r0 < r <
√
(2 +Ar20)/A. Integrating
this expression we get [86]
z(r) = ±
√
r20 +
2
A
[
F
(
arcsin
√(
1 +
A
2
r20
)(
1− r
2
0
r2
)
,
(
1 +
A
2
r20
))
− E
(
arcsin
√(
1 +
A
2
r20
)(
1− r
2
0
r2
)
,
(
1 +
A
2
r20
))]
+
1
r
√(
r20 +
2
A
− r2
)(
r2 − r20
)
, (3.15)
where E(φ, k) and F (φ, k) are the elliptic integral of the second kind and the elliptic integral
of the first kind, respectively. The embedded function, is depicted in figure 1, for a particular
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Figure 1. Embedded surface for r0 = 1 and A = 1/2. See the text for more details.
wormhole solution, choosing the values for r0 = 1 and A = 1/2 for the parameters. Figure
1 illustrates how this surface flares out in the additional auxiliary dimension in which z is
defined.
Regarding the exotic fluid some comments are in order. From the equations (2.5)–(2.7),
one obtains
ρ =
1
8pi
(
−3A
2
+
1 + A2 r
2
0
r2
)
, (3.16)
pr =
1
8pi
(
A
2
− 1 +
A
2 r
2
0
r2
)
, (3.17)
pt =
A
16pi
, (3.18)
respectively, and of course, equation (3.5) is satisfied. Thus, pt is equal to a positive constant
throughout the whole space. Close to the wormhole throat one has ρ > 0 and pr < 0. Then,
the energy density vanishes at r∗ =
√
(2 +Ar20)/(3A), and becomes negative for r > r∗.
The radial pressure becomes zero at r∗∗ =
√
(2 +Ar20)/A, and negative for r > r∗∗. As the
metric (3.12) is not well-defined in the asymptotic limit, one matches this interior wormhole
solution to an exterior Schwarzschild spacetime. It must be noted that it is of specific interest
to consider a shell with a0 < r∗ to avoid negative energy density (3.16). Thus, in this case,
the QNEC will be satisfied since one would have ρ(r)+pt(r) > 0 and ρ(r)+pr(r) = −A/(8pi)
inside the shell, and these quantities vanishing outside. From equations (2.13)–(2.15), such
a static shell is characterized by the following surface stresses
σ(a0) =
1
4pia0
(√
A
2
√
a20 − r20 −
√
1− 2M
a0
)
, (3.19)
P(a0) = 1
8pia0
 1− Ma0√
1− 2Ma0
−
√
A
2
√
a20 − r20
 , (3.20)
and
Ξ(a0) =
1
4pi
√
A
2
1√
a20 − r20
, (3.21)
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respectively, where r0 ≤ 2M < a0 < r∗. It must be noted that if one considers the shell placed
at a0 = r∗ to avoid discontinuities in the function ρ through the bulk space (since ρ vanishes
there) one would still have a non-vanishing σ on the shell because the bulk pressure is not
vanishing at this radial coordinate. In fact, it can be seen that σ > 0 for 0 < r0 < 2M < a0.
Defining x = 2M/a0 and y = r0/a0, then 0 < x < 1, 0 < y < x, and indeed
√
3Ar20
2+Ar20
<
y < x to avoid negative values for the energy density in the interior region (3.16), one can
rewrite equations (3.19)–(3.21), as
σ =
1
4pia0
(√
A
2
r0
√
y−2 − 1−√1− x
)
, (3.22)
P = 1
8pia0
(
1− x2√
1− x −
√
A
2
r0
√
y−2 − 1
)
, (3.23)
and
Ξ(a0) =
1
4pir0
√
A
2
y√
1− y2 , (3.24)
respectively, where r0
√
A/2 <
√
1/2. Thus, one can plot a0 σ and a0 P for a fixed value of
r0
√
A/2 to understand the behaviour of the surface stress-energy tensor, which are depicted
in figure 2. It can be seen that whereas σ is larger than zero, P could be less than zero for
small values of y.
0.0
0.5
1.0
2 M
a0
0.0
0.5
1.0
r0
a0
-0.2
-0.1
0.0
0.1
0.2
Figure 2. a0 σ (lower surface for large values of 2M/a0 and of r0/a0) and a0 P (upper surface for
large values of 2M/a0 and of r0/a0) are depicted for Ar
2
0 = 1/10, in the range 0 < 2M/a0 < 1 and
0 < r0/a0 < 2M/a0. The function a0 σ is positive in the whole interval, and the function a0 P is
negative for small values of r0/a0 and positive for large values of this quantity.
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In order to study the stability of the shell, we consider, in first place, the first master
equation. The inequality (2.20) can be expressed for this wormhole solution as
a0m
′′
s(a0) ≥
[
x2
4(1− x)3/2 +
√
A
2
r0
2− 3y2
y(1− y2)3/2
]
(3.25)
Thus, it can be easily noted that for smaller values of r0
√
A the r.h.s. of equation (3.25) is
larger for y <
√
2/3, thus the stability region would be smaller; whereas the stability region
would be larger for smaller values of r0
√
A if y >
√
2/3. In figure 3 one can see that the
stability region is larger for smaller values of r0/a0 and values 2M/a0 not too close to one
(it can be noted that for different values of r0
√
A the variation of 2M/a0 does not lead to a
large variation on the surface position, until this quantity is close to one).
0.6
0.8
1.0
2 M
a0
0.6
0.8
1.0
r0
a0
0
5
10
Figure 3. Case Ar20 = 1/10. The surface corresponding to the first master equation (3.25) and
the surface associated to the second master equation (darker colour) (3.26) are depicted, where we
show only the region corresponding to positive energy density in the interior region, given by equation
(3.16). A stable configuration should have a0m
′′
s (a0) above the clearer surface and a
3
0 (4piaΞ)
′′ below
the darker surface. Thus, the final stability region is the region bounded by both surfaces.
Next, we consider the second master equation (2.21), which reduces to
a30 (4piaΞ)
′′ ≤ 3
√
A
2
r0
y
(1− y2)5/2 . (3.26)
The stability region associated to this master equation is larger for larger values of A and
r0/a0 (although it would be smaller for larger values of A and smaller values of r0/a0),
– 12 –
see figure 3. Therefore, taking into account both master equations, the values of 2M/a0
(which is not appearing in equation (3.26)) not too close to 1 would be preferred, thus
one should avoid 2M ∼ a0. Both surfaces diverges for r0/a0 → 1, but the second surface
diverges faster at this limit. Both stability regions have the same behaviour under variations
of Ar0 if y >
√
2/3. Thus, one can consider
√
2/3 a0 . r0 < 2M < a0 to maximize
the stability, taking large departures with respect a cosmological constant, Ar0 . 1, as it
could be expected. As stable configurations should have a0m
′′
s(a0) above the first surface
and a30 (4piaΞ)
′′ bellow the second surface, then the stable configuration would be larger in
regions of the parameters x = 2M/a0 and y = r0/a0 for which the first surface reaches
larger values and the second surface (the darker surface in figure 3) takes small values.
Both master equations are expressed using dimensionless quantities, and the final stability
regions are bounded by both surfaces represented by the master equations. More specifically,
configurations with x, y in the region where the first surface is below the second one depict
the final stability region [72].
4 Inhomogeneous minimal violations of the NEC
The equation of state (3.5), considered in the previous section, is not compatible with an
asymptotically flat limit due to the strong constraint of a constant value of A. This constraint
is not so stringent in a cosmological scenario [1], where it could be thought to be even natural.
Nevertheless, one could consider that in order to study astrophysical objects one should not
only assume a radial dependence of the l.h.s. of equation (3.5), but one has also to take into
account a dependence of the r.h.s. on the radial coordinate. Assuming that the equation of
state should also be compatible with an asymptotic vacuum regime, the simplest equation
that one can write is:
ρ+ pr = − A
8pi
(r0
r
)α
, (4.1)
with α > 0 a constant parameter. Following the spirit drawn in the introduction, we consider
that the violation of the NEC has to be minimal also in this case. Thus, we again impose
A < 1/r20. (4.2)
As emphasized in the previous section, the inequality (4.2) may be deduced by consid-
ering a barotropic equation of state pr = ωρ, with ω = const < −1. For this case confronting
the latter with equation (4.1), we deduce ρ(r) = − A(r)8pi(1+ω) , where A(r) = A0(r0/r)α. It is
interesting to note that in reference [23] the specific case of an energy density following a
normal Gaussian distribution law, given by ρ(r) = ρ0e
α¯(r/r0−1)2 where α¯ > 0 is a model
parameter and ρ0 = −(8piωr20)−1 is the value of the energy density at the throat, was con-
sidered. For this specific case, we note that A(r) is given by A(r) = 1+ωω e
α¯(r/r0−1)2 , which is
different that the solutions that we consider in this section.
It can be noted that the equation of state (4.1) is in more agreement with our spirit of
minimal violations of the NEC than equation (3.5), since
ρ+ pr → −A, when r → r0,
ρ+ pr → 0, when r →∞. (4.3)
Therefore, the NEC would be marginally satisfied in the asymptotic limit (if we also have
pt → 0).
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Considering the equation of state (4.1), the Einstein equations (2.5) and (2.6) yield
Φ′ =
r
2 (1− b/r)
[
−A
(r0
r
)α
+
b− b′r
r3
]
. (4.4)
Thus, if we consider a particular shape function, this equation can be integrated to obtain
Φ(r). On the other hand, as in the previous case we can write equation (4.4) in terms of
u = 1− b(r)/r to get the differential equation
u′(r)− 2 Φ′(r)u(r)−Arα0 r1−α = 0. (4.5)
Note that equation (3.9) can be obtained by substituting α = 0 in equation (4.5), as expected.
The solution of equation (4.5) is given by
b(r) = r
[
1−Arα0 e2Φ(r)
∫ r
r0
dr′ (r′)1−αe−2Φ(r
′)]
]
. (4.6)
4.1 Shape function b(r) = r0(r/r0)
β
Let us fix a shape function compatible with an asymptotically flat regime to look for solutions
of equation (4.4) compatible with a finite Φ(r) for any value of r ≥ r0. We choose the shape
function introduced in reference [24] for that purpose, that is
b(r) = r0(r/r0)
β, (4.7)
where 0 < β < 1, in order to have 0 < b′(r0) < 1 and b(r)/r → 0 as r → ∞. Substituting
this function and its derivatives in equation (4.4), one gets
Φ(r) =
∫ r
r0
1
2 r′ [1− (r0/r′)γ ]
[
γ(r0/r
′)γ − A
(r′)2
(r0/r
′)α
]
, (4.8)
with γ = 1 − β, then 0 < γ < 1, and α > 0. It can be seen that the integral generically
diverges at r0, which implies that it is not a wormhole solution. In fact, there is only one
case in which this integral converges at r0, namely, for
α = 2, and γ = Ar20 < 1. (4.9)
In this case one has
Φ(r) =
A
2
r20 ln
(r0
r
)
, (4.10)
which diverges in the asymptotic limit, so that this solution is not asymptotic flat. The
metric can be written as
ds2 = −
(r0
r
)γ
dt2 +
dr2
1− (r0/r)γ + r
2dΩ2(2), (4.11)
with γ = Ar20. The proper distance (2.3) is given in terms of hypergeometric functions as
[86]
l(r) = ±
∫ r
r0
dr√
1− (r0/r)γ
= ±2r0
γ
√
1− (r0/r)γ F
(
1
γ
+ 1,
1
2
;
3
2
;
√
1− (r0/r)γ
)
, (4.12)
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where F (α, β; γ; z) is the Gauss hypergeometric function, which is well defined for3 0 < γ < 1
and diverges for r →∞. The embedded surface (2.4) is given by [86]
z(r) = ±
∫ r
r0
dr√
(r/r0)γ − 1
= ±2r0
γ
√
(r/r0)γ − 1F
(
1
γ
− 1, 1
2
;
3
2
; −
√
(r/r0)γ − 1
)
, (4.13)
which is again well-defined. A particular case is shown in figure 4, for γ = 1/2.
2 4 6 8 10
r
-10
-5
5
10
zHrL
Figure 4. Embedded surface for γ = 1/2. See the text for details.
Taking into account equations (4.7) and (4.10), with γ = 1−β, in equations (2.5)–(2.7),
one gets
ρ(r) =
1− γ
8pir2
(r0
r
)γ
, (4.14)
pr(r) = − 1
8pir2
[
(1− γ)
(r0
r
)γ
+ γ
]
, (4.15)
pt(r) =
γ
32pir2
[
2(1− γ)
(r0
r
)γ
+ γ
]
. (4.16)
Therefore, as 0 < γ < 1, the energy density is positive throughout the whole spacetime and
the radial pressure is negative, and both tend to zero in the asymptotic limit by construction.
Moreover, the transverse pressure is positive in the whole space, and it also goes to zero when
r →∞. Therefore, the QNEC can be satisfied in the whole space for values of A small enough.
As mentioned above, the metric (4.11) is not asymptotically flat, so let us perform the
usual cut-and-paste surgery, by cutting our geometry at r = a0 and pasting it to an exterior
Schwarzschild geometry. Using again coordinates x = 2M/a0 and y = r0/a0, 0 < y < x and
0 < x < 1, the physical quantities characterizing the resulting shell can be obtained using
equations (2.13)–(2.15), and are given by
σ =
1
4pia0
(√
1− yγ −√1− x
)
, (4.17)
P = 1
8pia0
[
1− x/2√
1− x − (1− γ/2)
√
1− yγ
]
, (4.18)
3A hypergeometric series F(b, c; d; e), also called a hypergeometric function, converges at any value e such
that |e| ≤ 1, whenever b+ c− d < 0. However, if 0 ≤ b+ c− d < 1 the series does not converge at e = 1. In
addition, if 1 ≤ b+ c− d, the hypergeometric function blows up at |e| = 1 [87].
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Figure 5. a0 σ (lower surface during most of the interval) and a0 P (upper surface during most of
the interval) are depicted for γ = 1/10. The function a0 σ is positive only in a small region of the
interval, whereas a0 P is positive in the whole region.
and
Ξ =
γ
8pia20
1√
1− yγ , (4.19)
respectively. Thus, it can be seen that for larger values of γ, σ will increase, and P and Ξ
will decrease. σ is positive for y < x1/γ (which is smaller than x since x < 1 and 1/γ > 1),
and the region of positive σ is larger for larger values of γ. It can be seen in figure 5 that
a0σ is usually smaller than a0P, and it can be negative for values of x ∼ 1. That is because
in order to have positive σ one needs to restrict attention to y < x1/γ . On the other hand,
to study the stability of this shell, we replace equations (4.7) and (4.10) in equation (2.20)
and (2.21). For the first master equation we get
a0m
′′
s(a0) ≥
1
4
[
x2
(1− x)3/2 − γ y
γ (2− γ)yγ − 2(1− γ)
(1− yγ)3/2
]
, (4.20)
for y < x1/γ . Thus, the stability region is above the clearer surface shown in figure 6. In
second place, the second master equation is
a30(4pia0Ξ)
′′ ≤ γ
8
[
8
(1− yγ)1/2 +
6γyγ
(1− yγ)3/2 +
γ2yγ(yγ + 2)
(1− yγ)5/2
]
, (4.21)
if
γ
2 r
2yγ − 1
1− yγ > 0. (4.22)
As depicted in figure 7, this quantity is positive if r0/a0 is not small enough. Taking into
account both stability regions, inequalities (4.20) and (4.21), it can be seen that the most
stable configurations would have 2M/a0 not to close to 1 (because if not the first stability
region would disappear) and intermediate-large values of r0/a0 (since this quantity has to be
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smaller than 2M/a0, but not too small to have a larger second stability region). The first
(second) stability region would be larger (smaller) for larger values of γ = Ar20. The stability
region resulting when considering both constraints is depicted in figure 6.
0.5
0.6
0.7
0.8
0.9
2 M
a00.
0.1
0.2
0.3
r0
a0
2
4
6
Figure 6. Case γ = 1/10. Stable configurations would have values of am′′s (a0) above the clearer
surface, and values of a30(4pia0Ξ)
′′ below the darker surface. The stability region is shown, where we
are considering positive values of σ.
4.2 Constant redshift function
If we consider Φ = Φ0 in equation (4.6), one obtains
b(r) =
(
1 +
Ar20
2− α
)
r − Ar
α
0
2− αr
3−α, (4.23)
for α 6= 2, and
b(r) = r
[
1−Ar20 ln (r/r0)
]
, (4.24)
for α = 2. One can easily check that 0 < b′(r0) = 1−Ar20 < 1, for both cases. It can be noted
that b(r) does not tend to a constant value for r → ∞. However, from equation (4.23) one
can conclude that b(r)/r goes to a constant value in this limit for α > 2, whereas it diverges
for 0 < α < 2. The metric can be expressed as
ds2 = −e2Φ0dt2 + α− 2
Ar20
dr2
1− (r0/r)α−2
+ r2dΩ2(2). (4.25)
Therefore, the case α > 2 is of special interest, as the asymptotic region is particularly simple
for this case. In this case the asymptotic behaviour is that of a global monopole [88], that
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Figure 7. The condition leading to consider a particular inequality sign in the second master equation,
the inequality (4.22), is depicted. The different curves have smaller to larger values of γ from the
top to the bottom. For the value γ = 1/10 shown in figure 6, the curve is larger than zero for
r0/a0 > 0.001.
is, defining r2 = [(α− 2)r2]/(Ar20) and t = exp(Φ0) t in the asymptotic limit we have
ds2 = −dt2 + dr2 + Ar
2
0
α− 2r
2dΩ2(2), (4.26)
which describes a space with a deficit of solid angle of ∆ = 1 − Ar20α−2 for α > 3 and for
3 > α > 2 with Ar20 < α − 2, or an excess of solid angle −∆ otherwise [88]. Therefore,
metric (4.26) may be interpreted as a wormhole carrying a global monopole when α > 2.
Anyway, we have obtained an “almost” asymptotically Minkowski behaviour in this case. It
is interesting to note that previously to Ref. [88], the metric (4.26) was studied in [89] from
a purely geometrical point of view, i.e., without relation to a physical monopole.
Taking into account (4.23) in equations (2.5)–(2.7), we get
ρ =
1
8pi(α− 2)
[
−A(α− 3)
(r0
r
)α
+
α− 2
r2
−A
(r0
r
)2]
, (4.27)
pr =
1
8pi(α− 2)
[
−A
(r0
r
)α − α− 2
r2
+A
(r0
r
)2]
, (4.28)
pt =
A
16pi
(r0
r
)α
, (4.29)
for α 6= 2, which decays as ∼ 1/r2 for α > 2 as in the case shown in [88]. Thus, the transverse
pressure is always positive and tends to zero in the asymptotic limit, as ρ and pr. Moreover,
it can be seen that ρ(r) is a decreasing function in the interval (r0, ∞) for α > 3 and for
3 > α > 2 with Ar20 < α − 2. Thus, we have ρ(r) + pt(r) ≥ 0 which, together with the
equation of state (4.1), imply that the QNEC is satisfied in the whole space.
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On the other hand, for self-completeness, we present the results for the specific case of
α = 2. The metric is given by
ds2 = −e2Φ0dt2 + dr
2
Ar20 ln(r/r0)
+ r2dΩ2(2), (4.30)
which also leads to grr → 0 when r → ∞ as in the previous case for 0 < α < 2. For this
case, the stress-energy tensor profile is given by
ρ =
1−Ar20
8pir2
[
1 + ln
(r0
r
)]
, pr = −1−Ar
2
0
8pir2
ln
(r0
r
)
, pt = −1−Ar
2
0
16pir2
, (4.31)
respectively.
5 Discussion and conclusions
In this work, we have presented new wormhole solutions fuelled by a matter content that
minimally violates the null energy condition. We have been motivated by a recently proposed
cosmological event, denoted “the little sibling of the big rip”, where the Hubble rate and the
scale factor blow up but the cosmic derivative of the Hubble rate does not [1], as it shows that
allowing small bounded violations of the NEC can have relevant effects in the corresponding
geometry. More specifically, we considered an equation of state in which the sum of the
energy density and radial pressure is proportional to a constant with a value smaller than
that of the inverse area characterising the system, i.e., the area of the wormhole mouth. Using
the cut-and-paste approach, we matched interior spherically symmetric wormhole solutions
to an exterior Schwarzschild geometry to obtain asymptotically flat solutions satisfying the
QNEC. We also analysed the stability of the thin-shell to linearized spherically symmetric
perturbations around static solutions, by choosing suitable properties for the exotic material
residing on the junction interface radius.
Furthermore, we also considered an inhomogeneous generalisation of the equation of
state considered above. On one hand, we obtain a particular wormhole solution and also
match this wormhole geometry to an exterior Schwarzschild solution, analysing the respective
stability regions. On the other hand, we obtained a specific wormhole solution with an
asymptotic behaviour corresponding to a space with a deficit of solid angle. This space may,
therefore, be interpreted as a wormhole carrying a global monopole by analogy with [88].
This solution only violates the NEC in a small bounded way through the whole space.
We should refer that in the cases where the wormhole geometries were matched to ex-
terior Schwarzschild solutions, one could construct stable configurations for fluids minimally
violating the null energy conditions, if the parameters of the model a0, 2M and r0 are suit-
ably chosen. In particular, taking into account both master equations, the stability regions
would be larger for larger values of r0/a0. However, this quotient should be smaller than
2M/a0, which cannot be too close to one. Thus, one could consider both quotients with
large-intermediate values which would lead to sufficiently large stability regions.
On the other hand, it can be noted that the specific equation of state considered in
this paper does not allow the existence of static black hole solutions for any sign of A. This
conclusion can be extracted studying the conditions presented in [90, 91] for the existence
of these kind of solutions, or simply noting that in order to have a black hole in equilibrium
with its environment (static solution) one needs a fluid which vanishes at the horizon or
behaves as a cosmological constant there, both cases characterized by pr + ρ = 0. Therefore,
– 19 –
wormholes seems to be astrophysical objects more natural than black holes in this scenario.
Nevertheless, as the existence of black holes is supported by observational data, it would be
of particular interest to study the possible existence of black hole mimickers in this scenario
[92–100].
Acknowledgments
We thank Matt Visser for helpful comments. The work of MBL was supported by the
Basque Foundation for Science IKERBASQUE and the Portuguese Agency “Fundac¸a˜o para
a Cieˆncia e Tecnologia” through an Investigador FCT Research contract, with reference
IF/01442/2013/CP1196/CT0001. She also wishes to acknowledge the support from the Por-
tuguese Grants PTDC/FIS/111032/2009 and PEst-OE/MAT/UI0212/2014 and the partial
support from the Basque government Grant No. IT592-13 (Spain). FSNL acknowledges
financial support of the Fundac¸a˜o para a Cieˆncia e Tecnologia through an Investigador FCT
Research contract, with reference IF/00859/2012, funded by FCT/MCTES (Portugal), and
grants CERN/FP/123618/2011 and EXPL/FIS-AST/1608/2013. PMM also acknowledges
financial support of the grant PTDC/FIS/111032/2009 and EXPL/FIS-AST/1608/2013 and
thanks the hospitality of the University of the Basque Country during the completion of part
of this work.
References
[1] M. Bouhmadi-Lo´pez, A. Errahmani, P. Mart´ın-Moruno, T. Ouali, and Y. Tavakoli, “The little
sibling of the big rip singularity”, arXiv:1407.2446 [gr-qc].
[2] A. Y. Kamenshchik, “Quantum cosmology and late-time singularities”, Class. Quant. Grav. 30
(2003) 173001 [arXiv:1307.5623 [gr-qc]].
[3] A. A. Starobinsky, “Future and Origin of our Universe: Modern View”, Grav. Cosmol. 6 (2000)
157 [arXiv:astro-ph/9912054].
[4] R. R. Caldwell, “A Phantom Menace? Cosmological consequences of a dark energy component
with super-negative equation of state”, Phys. Lett. B 545 (2002) 23 [arXiv:astro-ph/9908168].
[5] S. M. Carroll, M. Hoffman and M. Trodden, “Can the dark energy equation-of-state parameter
w be less than -1?”, Phys. Rev. D 68 (2003) 023509 [arXiv:astro-ph/0301273].
[6] R. R. Caldwell, M. Kamionkowski and N. N. Weinberg, “Phantom Energy and Cosmic
Doomsday”, Phys. Rev. Lett. 91 (2003) 071301 [arXiv:astro-ph/0302506].
[7] M. Bouhmadi-Lo´pez and J. A. Jime´nez Madrid, “Escaping the big rip?”, JCAP 0505, (2005)
005 [astro-ph/0404540].
[8] M. Bouhmadi-Lo´pez, P. F. Gonza´lez-Dı´az and P. Mart´ın-Moruno, “Worse than a big rip?”,
Phys. Lett. B 659 (2008) 1 [gr-qc/0612135].
[9] M. Bouhmadi-Lo´pez, P. F. Gonza´lez-Dı´az and P. Mart´ın-Moruno, “On the generalised
Chaplygin gas: Worse than a big rip or quieter than a sudden singularity?”, Int. J. Mod. Phys.
D 17 (2008) 2269 [arXiv:0707.2390 [gr-qc]].
[10] S. i. Nojiri, S. D. Odintsov and S. Tsujikawa, “Properties of singularities in (phantom) dark
energy universe”, Phys. Rev. D 71 (2005) 063004 [hep-th/0501025].
[11] H. Sˇtefancˇic´, “Expansion around the vacuum equation of state - Sudden future singularities
and asymptotic behavior,” Phys. Rev. D 71 (2005) 084024. [astro-ph/0411630].
– 20 –
[12] S. i. Nojiri and S. D. Odintsov, “Inhomogeneous equation of state of the universe: Phantom
era, future singularity and crossing the phantom barrier”, Phys. Rev. D 72 (2005) 023003.
[hep-th/0505215].
[13] M. Bouhmadi-Lo´pez, “Phantom-like behaviour in dilatonic brane-world scenario with induced
gravity”, Nucl. Phys. B 797 (2008) 78. [astro-ph/0512124].
[14] P. H. Frampton, K. J. Ludwick and R. J. Scherrer, “The Little Rip”, Phys. Rev. D 84 (2011)
063003 [arXiv:1106.4996 [astro-ph.CO]].
[15] T. Ruzmaikina and A. A. Ruzmaikin, “Quadratic Corrections to the Lagrangian Density of the
Gravitational Field and the Singularity” Sov. Phys. JETP 30 (1970) 372.
[16] C. Escamilla-Rivera, R. Lazkoz, V. Salzano and I. Sendra, “Tension between SN and BAO:
current status and future forecasts”, JCAP 1109 (2011) 003 [arXiv:1103.2386 [astro-ph.CO]].
[17] E. A. Kazin, J. Koda, C. Blake and N. Padmanabhan, “Improved WiggleZ Dark Energy
Survey Distance Measurements to z = 1 with Reconstruction of the Baryonic Acoustic
Feature”, arXiv:1401.0358 [astro-ph.CO].
[18] P. A. R. Ade et al. [Planck Collaboration], “Planck 2013 results. XVI. Cosmological
parameters”, arXiv:1303.5076 [astro-ph.CO].
[19] M. P. Da¸browski, C. Kiefer and B. Sandho¨fer, “Quantum phantom cosmology”, Phys. Rev. D
74 (2006) 044022 [hep-th/0605229].
[20] A. Kamenshchik, C. Kiefer and B. Sandho¨fer, “Quantum cosmology with big-brake
singularity”, Phys. Rev. D 76 (2007) 064032 [arXiv:0705.1688 [gr-qc]].
[21] M. Bouhmadi-Lo´pez, C. Kiefer, B. Sandho¨fer and P. V. Moniz, “On the quantum fate of
singularities in a dark-energy dominated universe”, Phys. Rev. D 79 (2009) 124035
[arXiv:0905.2421 [gr-qc]].
[22] M. Bouhmadi-Lo´pez, C. Kiefer and M. Kra¨mer, “Resolution of type IV singularities in
quantum cosmology”, Phys. Rev. D 89 (2014) 064016 [arXiv:1312.5976 [gr-qc]].
[23] S. V. Sushkov, “Wormholes supported by a phantom energy”, Phys. Rev. D 71 (2005) 043520.
[24] F. S. N. Lobo, “Phantom energy traversable wormholes”, Phys. Rev. D 71 (2005) 084011
[arXiv:gr-qc/0502099].
[25] P. F. Gonza´lez-Dı´az, “Achronal cosmic future”, Phys. Rev. Lett. 93 (2004) 071301
[arXiv:astro-ph/0404045].
[26] P. F. Gonza´lez-Dı´az and J. A. Jime´nez-Madrid, “Phantom inflation and the ’big trip’ ”, Phys.
Lett. B 596 (2004) 16 [hep-th/0406261].
[27] A. V. Yurov, P. Mart´ın Moruno and P. F. Gonza´lez-Dı´az, “New Bigs in cosmology”, Nucl.
Phys. B 759 (2006) 320 [astro-ph/0606529].
[28] P. Mart´ın-Moruno, “On the formalism of dark energy accretion onto black- and worm-holes”,
Phys. Lett. B 659 (2008) 40 [arXiv:0709.4410 [astro-ph]].
[29] P. F. Gonza´lez-Dı´az and P. Mart´ın-Moruno, “Wormholes in the accelerating universe”,
Proceedings of the eleventh Marcel Grossmann Meeting on General Relativity. Editors:
H. Kleinert, R. T. Jantzen and R. Ruffini, World Scientific, New Jersey 2190-2192 (2008).
[30] V. Faraoni, “No “big trips” for the universe”, Phys. Lett. B 647 (2007) 309 [gr-qc/0702143
[gr-qc]].
[31] P. Mart´ın-Moruno and P. F. Gonza´lez-Dı´az, “Lorentzian wormholes generalizes
thermodynamics still further”, Class. Quant. Grav. 26 (2009) 215010 [arXiv:0904.0099 [gr-qc]].
[32] P. Mart´ın-Moruno and P. F. Gonza´lez-Dı´az, “Thermal radiation from Lorentzian traversable
wormholes”, Phys. Rev. D 80 (2009) 024007 [arXiv:0907.4055 [gr-qc]].
– 21 –
[33] J. G. Cramer, R. L. Forward, M. S. Morris, M. Visser, G. Benford, and G. A. Landis, G. A.
(1995). “Natural wormholes as gravitational lenses”, Phys. Rev. D 51 (1995) 3117.
[34] D. F. Torres, G. E. Romero, and L. A. Anchordoqui, “Might some gamma ray bursts be an
observable signature of natural wormholes?”, Phys. Rev. D 58 (1998) 123001.
[35] D. F. Torres, G. E. Romero, and L. A. Anchordoqui, “Wormholes, gamma ray bursts and the
amount of negative mass in the universe”, Mod. Phys. Lett. A 13 (1998) 1575.
[36] A. Shatskiy, “Passage of Photons Through Wormholes and the Influence of Rotation on the
Amount of Phantom Matter around Them”, Astron. Rep. 51 (2007) 81.
[37] P. F. Gonza´lez-Dı´az, “Is the 2008 NASA/ESA Double Einstein Ring Actually A Ringhole
Signature?”, arXiv:1001.3778 [astro-ph.CO].
[38] P. F. Gonza´lez-Dı´az and A. Alonso-Serrano, “Observing other universe through ringholes and
Klein-bottle holes”, Phys. Rev. D 84 (2011) 023008 [arXiv:1102.3784 [astro-ph.CO]].
[39] T. Harko, Z. Kovacs and F. S. N. Lobo, “Electromagnetic signatures of thin accretion disks in
wormhole geometries”, Phys. Rev. D 78 (2008) 084005 [arXiv:0808.3306 [gr-qc]].
[40] T. Harko, Z. Kovacs and F. S. N. Lobo, “Thin accretion disks in stationary axisymmetric
wormhole spacetimes”, Phys. Rev. D 79 (2009) 064001 [arXiv:0901.3926 [gr-qc]].
[41] M. S. Morris and K. S. Thorne, “Wormholes in space-time and their use for interstellar travel:
A tool for teaching general relativity”, Am. J. Phys. 56 (1988) 395.
[42] M. Visser, Lorentzian Wormholes: From Einstein to Hawking, American Institute of Physics,
New York, 1995.
[43] M. S. Morris, K. S. Thorne and U. Yurtsever, “Wormholes, Time Machines, and the Weak
Energy Condition”, Phys. Rev. Lett. 61 (1988) 1446.
[44] O. B. Zaslavskii, “Exactly solvable model of wormhole supported by phantom energy”, Phys.
Rev. D 72 (2005) 061303 [gr-qc/0508057].
[45] F. S. N. Lobo, “Chaplygin traversable wormholes”, Phys. Rev. D 73 (2006) 064028
[gr-qc/0511003].
[46] F. S. N. Lobo, “Van der Waals quintessence stars”, Phys. Rev. D 75 (2007) 024023
[gr-qc/0610118].
[47] P. K. F. Kuhfittig, “Seeking exactly solvable models of traversable wormholes supported by
phantom energy”, Class. Quant. Grav. 23 (2006) 5853 [gr-qc/0608055].
[48] J. A. Gonza´lez, F. S. Guzman and O. Sarbach, “Instability of wormholes supported by a ghost
scalar field. I. Linear stability analysis”, Class. Quant. Grav. 26 (2009) 015010
[arXiv:0806.0608 [gr-qc]].
[49] J. A. Gonza´lez, F. S. Guzman and O. Sarbach, “Instability of wormholes supported by a ghost
scalar field. II. Nonlinear evolution”, Class. Quant. Grav. 26 (2009) 015011 [arXiv:0806.1370
[gr-qc]].
[50] A. DeBenedictis, R. Garattini and F. S. N. Lobo, “Phantom stars and topology change”, Phys.
Rev. D 78 (2008) 104003 [arXiv:0808.0839 [gr-qc]].
[51] F. S. N. Lobo and M. Visser, “Fundamental limitations on ‘warp drive’ spacetimes”, Class.
Quant. Grav. 21 (2004) 5871 [gr-qc/0406083].
[52] P. K. F. Kuhfittig, “A wormhole with a special shape function”, Am. J. Phys. 67 (1999) 125.
[53] J. P. S. Lemos, F. S. N. Lobo and S. Quinet de Oliveira, “Morris-Thorne wormholes with a
cosmological constant”, Phys. Rev. D 68 (2003) 064004 [gr-qc/0302049].
[54] M. Visser, S. Kar and N. Dadhich, “Traversable wormholes with arbitrarily small energy
condition violations”, Phys. Rev. Lett. 90 (2003) 201102 [gr-qc/0301003].
– 22 –
[55] M. Visser, “Traversable wormholes: Some simple examples”, Phys. Rev. D 39 (1989) 3182
[arXiv:0809.0907 [gr-qc]].
[56] M. Visser, “Traversable wormholes from surgically modified Schwarzschild space-times”, Nucl.
Phys. B 328 (1989) 203 [arXiv:0809.0927 [gr-qc]].
[57] F. S. N. Lobo, “A General class of braneworld wormholes”, Phys. Rev. D 75 (2007) 064027
[gr-qc/0701133 [gr-qc]].
[58] F. S. N. Lobo, “General class of wormhole geometries in conformal Weyl gravity”, Class.
Quant. Grav. 25 (2008) 175006 [arXiv:0801.4401 [gr-qc]].
[59] F. S. N. Lobo and M. A. Oliveira, “Wormhole geometries in f(R) modified theories of gravity”,
Phys. Rev. D 80 (2009) 104012 [arXiv:0909.5539 [gr-qc]].
[60] N. M. Garc´ıa and F. S. N. Lobo, “Wormhole geometries supported by a nonminimal
curvature-matter coupling”, Phys. Rev. D 82 (2010) 104018 [arXiv:1007.3040 [gr-qc]].
[61] N. Montelongo Garc´ıa and F. S. N. Lobo, “Nonminimal curvature-matter coupled wormholes
with matter satisfying the null energy condition”, Class. Quant. Grav. 28 (2011) 085018
[arXiv:1012.2443 [gr-qc]].
[62] C. G. Boehmer, T. Harko and F. S. N. Lobo, “Wormhole geometries in modified teleparralel
gravity and the energy conditions”, Phys. Rev. D 85 (2012) 044033 [arXiv:1110.5756 [gr-qc]].
[63] S. Capozziello, T. Harko, T. S. Koivisto, F. S. N. Lobo and G. J. Olmo, “Wormholes supported
by hybrid metric-Palatini gravity”, Phys. Rev. D 86 (2012) 127504 [arXiv:1209.5862 [gr-qc]].
[64] T. Harko, F. S. N. Lobo, M. K. Mak and S. V. Sushkov, “Modified-gravity wormholes without
exotic matter”, Phys. Rev. D 87 (2013) 067504 [arXiv:1301.6878 [gr-qc]].
[65] T. Harko, F. S. N. Lobo, M. K. Mak and S. V. Sushkov, “Wormhole geometries in
Eddington-inspired Born-Infeld gravity”, arXiv:1307.1883 [gr-qc].
[66] P. Mart´ın-Moruno and M. Visser, “Semiclassical energy conditions for quantum vacuum
states”, JHEP 1309 (2013) 050 [arXiv:1306.2076 [gr-qc]].
[67] P. Mart´ın-Moruno and M. Visser, “Classical and quantum flux energy conditions for quantum
vacuum states”, Phys. Rev. D 88 (2013) 061701 [arXiv:1305.1993 [gr-qc]].
[68] F. S. N. Lobo, “Stability of phantom wormholes”, Phys. Rev. D 71 (2005) 124022
[gr-qc/0506001].
[69] F. S. N. Lobo, “Stable dark energy stars”, Class. Quant. Grav. 23 (2006) 1525 [gr-qc/0508115].
[70] F. S. N. Lobo and P. Crawford, “Stability analysis of dynamic thin shells”, Class. Quant. Grav.
22 (2005) 4869 [gr-qc/0507063].
[71] P. Mart´ın-Moruno, N. Montelongo Garc´ıa, F. S. N. Lobo and M. Visser, “Generic thin-shell
gravastars”, JCAP 1203 (2012) 034 [arXiv:1112.5253 [gr-qc]].
[72] N. Montelongo Garc´ıa, F. S. N. Lobo and M. Visser, “Generic spherically symmetric dynamic
thin-shell traversable wormholes in standard general relativity”, Phys. Rev. D 86 (2012)
044026 [arXiv:1112.2057 [gr-qc]].
[73] F. S. N. Lobo, “Exotic solutions in General Relativity: Traversable wormholes and ’warp drive’
spacetimes”, Classical and Quantum Gravity Research, 1-78, (2008), Nova Sci. Pub. ISBN
978-1-60456-366-5 [arXiv:0710.4474 [gr-qc]].
[74] S. A. Hayward, “Wormhole dynamics in spherical symmetry”, Phys. Rev. D 79 (2009) 124001
[arXiv:0903.5438 [gr-qc]].
[75] F. S. N. Lobo, “Energy conditions, traversable wormholes and dust shells”, Gen. Rel. Grav. 37
(2005) 2023 [gr-qc/0410087].
– 23 –
[76] N. Sen, “Uber die grenzbedingungen des schwerefeldes an unsteig keitsfla¨chen”, Ann. Phys.
(Leipzig) 73 (1924) 365.
[77] K. Lanczos, “Fla¨chenhafte verteiliung der materie in der Einsteinschen gravitationstheorie”,
Ann. Phys. (Leipzig) 74 (1924) 518.
[78] G. Darmois, “Les equations de la gravitation einsteinienne”, in Me´morial des sciences
mathe´matiques XXV. Fascicule XXV ch V (Gauthier-Villars, Paris, France, 1927).
[79] S. O’Brien and J. L. Synge, “Jump conditions at discontinuity in general relativity”, Commun.
Dublin Inst. Adv. Stud. Ser. A., no. 9 (1952) 120.
[80] A. Lichnerowicz, The´ories Relativistes de la Gravitation et de l’Electromagnetisme, Masson,
Paris (1955), Collection d’ouvrages de mathematiques a l’usage des physiciens.
[81] W. Israel, “Singular hypersurfaces and thin shells in general relativity”, Nuovo Cimento 44B
(1966) 1; and corrections in ibid. 48B (1966) 463.
[82] M. Visser and D. L. Wiltshire, “Stable gravastars: An Alternative to black holes?”, Class.
Quant. Grav. 21 (2004) 1135 [gr-qc/0310107].
[83] C. Armendariz-Picon, T. Damour and V. F. Mukhanov, “k - inflation”, Phys. Lett. B 458
(1999) 209 [hep-th/9904075].
[84] F. Arroja and M. Sasaki, “A note on the equivalence of a barotropic perfect fluid with a
K-essence scalar field”, Phys. Rev. D 81 (2010) 107301 [arXiv:1002.1376 [astro-ph.CO]].
[85] R. V. Korolev and S. V. Sushkov, “Exact wormhole solutions with nonminimal kinetic
coupling”, arXiv:1408.1235 [gr-qc].
[86] I. S. Gradshteyn and I. M. Ryzhik, Tables and Integrals, Series and Products (Acedemic Press,
New York, 1994).
[87] M. Abramowitz and I Stegun, Handbook of Mathematical Functions (Dover, 1980).
[88] M. Barriola and A. Vilenkin, “Gravitational Field of a Global Monopole”, Phys. Rev. Lett. 63
(1989) 341.
[89] D.D. Sokolov, A.A. Starobinskii, “The structure of the curvature tensor at conical
singularities”, Sov. Phys. Dokl. 22(6), 312-314 (1977)
[90] K. A. Bronnikov and O. B. Zaslavskii, “General static black holes in matter”, Class. Quant.
Grav. 26 (2009) 165004 [arXiv:0904.4904 [gr-qc]].
[91] O. B. Zaslavskii, “Static black holes in equilibrium with matter: nonlinear equation of state”,
Phys. Rev. D 81 (2010) 107501 [arXiv:1005.2276 [gr-qc]].
[92] G. Chapline, E. Hohlfeld, R. B. Laughlin and D. I. Santiago, “Quantum phase transitions and
the breakdown of classical general relativity”, Int. J. Mod. Phys. A 18, 3587 (2003)
[gr-qc/0012094].
[93] P. O. Mazur and E. Mottola, “Gravitational condensate stars: An alternative to black holes”,
gr-qc/0109035.
[94] P. O. Mazur and E. Mottola, “Dark energy and condensate stars: Casimir energy in the large”,
gr-qc/0405111.
[95] P. O. Mazur and E. Mottola, “Gravitational vacuum condensate stars”, Proc. Nat. Acad. Sci.
101 (2004) 9545 [gr-qc/0407075].
[96] J. P. S. Lemos and O. B. Zaslavskii, “Entropy of quasiblack holes”, Phys. Rev. D 81 (2010)
064012 [arXiv:0904.1741 [gr-qc]];
[97] J. P. S. Lemos and O. B. Zaslavskii, “Black hole mimickers: regular versus singular behavior”,
Phys. Rev. D 78 (2008) 024040 [arXiv:0806.0845 [gr-qc]].
– 24 –
[98] C. Barcelo´, S. Liberati, S. Sonego and M. Visser, “Fate of gravitational collapse in semiclassical
gravity”, Phys. Rev. D 77 (2008) 044032 [arXiv:0712.1130 [gr-qc]].
[99] M. Visser, C. Barcelo´, S. Liberati and S. Sonego, “Small, dark, and heavy: But is it a black
hole?”, PoS BHGRS (2008) 010 [arXiv:0902.0346 [gr-qc]].
[100] F. S. N. Lobo and A. V. B. Arellano, “Gravastars supported by nonlinear electrodynamics”,
Class. Quant. Grav. 24 (2007) 1069 [gr-qc/0611083].
– 25 –
